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Abstract. In this short paper, we establish a range of Caﬀarelli–Kohn–
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1. Introduction
Let us start by recalling the classical Caﬀarelli–Kohn–Nirenberg inequality [3]:
Theorem 1.1. Let n ∈ N and let p, q, r, a, b, d, δ ∈ R be such that p, q ≥ 1,
r > 0, 0 ≤ δ ≤ 1, and
1
p
+
a
n
,
1
q
+
b
n
,
1
r
+
c
n
> 0, (1.1)
where
c = δd + (1 − δ)b. (1.2)
Then there exists a positive constant C such that
‖|x|cf‖Lr(Rn) ≤ C‖|x|a|∇f |‖δLp(Rn)‖|x|bf‖1−δLq(Rn) (1.3)
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holds for all f ∈ C∞0 (Rn), if and only if the following conditions hold:
1
r
+
c
n
= δ
(
1
p
+
a − 1
n
)
+ (1 − δ)
(
1
q
+
b
n
)
, (1.4)
a − d ≥ 0 if δ > 0, (1.5)
a − d ≤ 1 if δ > 0 and 1
r
+
c
n
=
1
p
+
a − 1
n
. (1.6)
Since the paper [3] the subject of such inequalities has been actively
investigated. See, for instance, [5] for sharpness results, [17] for radially sym-
metric functions and [25] for the generalised Baouendi–Grushin vector ﬁeld.
We also refer to [14] for the Heisenberg group results that go back to the paper
of Garofalo and Lanconelli [12] (see also [8] and references therein), in which
Hardy-type inequalities on the Heisenberg group were presented. For a short
review in this direction and some further discussions we refer to recent papers
[19,24] and [23] as well as to references therein. We can also refer to [4] for
discussions related to the Heisenberg group. For a recent review of some results
concerning Hardy inequality on stratiﬁed groups we can refer to [6], and also to
[7]. Some results on Hardy inequalities on homogeneous groups have appeared
in [22] and on Caﬀarelli–Kohn–Nirenberg inequalities in [24]. We refer to [15]
for the original Hardy inequality, and to [11] for the theory of homogeneous
groups.
Since we are also interested in Sobolev inequality, let us recall it brieﬂy.
If 1 < p, p∗ < ∞ and
1
p
=
1
p∗
− 1
n
, (1.7)
then the (Euclidean) Sobolev inequality has the form
‖g‖Lp(Rn) ≤ C(p)‖∇g‖Lp∗ (Rn), (1.8)
where ∇ is the standard gradient in Rn.
The following Sobolev type inequality with respect to the operator x · ∇
instead of ∇ has been considered in [18]:
‖g‖Lp(Rn) ≤ C ′(p)‖x · ∇g‖Lq(Rn). (1.9)
For any λ > 0, by substituting g(x) = h(λx) into (1.9), one easily observes
that p = q is a necessary condition to have (1.9).
In this paper we are interested in these inequalities in the setting of gen-
eral stratiﬁed groups (or homogeneous Carnot groups). Such groups have been
historically investigated by Folland [10], with numerous subsequent contribu-
tions by many people. This class includes the Heisenberg group as the main
example, as well as more general H-type (see e.g. [13]) and other groups.
The Sobolev inequality (1.8) is well known on stratiﬁed Lie groups ([10])
and, in fact, even on general graded Lie groups, see e.g. [9, Theorem 4.4.28].
So, here we are more interested in the Sobolev type inequalities (1.9). The
Cafarelli–Kohn–Nirenberg inequalities on the stratiﬁed groups have been also
recently investigated in [20] but only in the case of p = q = r. Here we extend
it to a more general range of p, q and r.
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For the convenience of the reader we summarise brieﬂy the results of
this paper: let G be a stratiﬁed group with N being the dimension of the
ﬁrst stratum and let |·| be the Euclidean norm on RN . We denote by x′ the
variables from the ﬁrst stratum of G. Then we have
• (Sobolev type inequality) Let α ∈ R. Then for any f ∈ C∞0 (G\{x′ = 0}),
and all 1 < p < ∞, we have
|N − αp|
p
∥∥∥∥ f|x′|α
∥∥∥∥
Lp(G)
≤
∥∥∥∥x
′ · ∇Hf
|x′|α
∥∥∥∥
Lp(G)
,
where ∇H is the horizontal gradient on G and |·| is the Euclidean norm
on RN . If N = αp, then the constant |N−αp|p is sharp.
• (Equivalence of Hardy and Sobolev type inequalities in L2(G)) Let N ≥
3. Then the following two statements are equivalent:
(a) For any f ∈ C∞0 (G\{x′ = 0}), we have
‖f‖L2(G) ≤ 2
N
‖x′ · ∇Hf‖L2(G).
(b) For any g ∈ C∞0 (G\{x′ = 0}), we have∥∥∥∥ g|x′|
∥∥∥∥
L2(G)
≤ 2
N − 2
∥∥∥∥ x
′
|x′| · ∇Hg
∥∥∥∥
L2(G)
.
• (Caﬀarelli–Kohn–Nirenberg inequalities) Let N = p(1 − a). Let 1 <
p, q < ∞, 0 < r < ∞ with p + q ≥ r and δ ∈ [0, 1] ∩ [ r−qr , pr ] and a, b,
c ∈ R. Assume that δrp + (1−δ)rq = 1 and c = δ(a − 1) + b(1 − δ). Then
we have the following Caﬀarelli–Kohn–Nirenberg type inequality for all
f ∈ C∞0 (G\{0}):
‖|x′|cf‖Lr(G) ≤
∣∣∣∣ pN + p(a − 1)
∣∣∣∣
δ
‖|x′|a∇Hf‖δLp(G)
∥∥|x′|bf∥∥1−δ
Lq(G)
.
The constant
∣∣∣ pN+p(a−1)
∣∣∣δ is sharp for p = q with a− b = 1 or p = q with
p(1 − a) + bq = 0, or δ = 0, 1.
Note that these inequalities with weights from the ﬁrst stratum of G also
give new insights (proofs) in the Euclidean setting. By using this idea in the
paper [20] a new general inequality (see [20, Proposition 3.2]) was obtained
in the Euclidean case, in particular, whose proof gave a new (simple) proof of
the Badiale–Tarantello conjecture. Obtained versions may also have applica-
tions to linear and nonlinear equations of mathematical physics (see, e.g. [1]).
In addition, to the best of our knowledge, the Caﬀarelli–Kohn–Nirenberg in-
equalities above on a (general) stratiﬁed group G are new even in the Abelian
case, that is, in the Euclidean case these extend the classical Caﬀarelli–Kohn–
Nirenberg inequalities with respect to ranges of parameters, see Example 4.3.
Hardy inequalities for diﬀerent operators is a topic with many investigations.
For example, for sub-Laplacians with lower regularity, see [16].
In Sect. 2 we brieﬂy recall the main concepts of stratiﬁed groups and
ﬁx the notation. In Sect. 3 the Lp-weighted Sobolev type inequality and its
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equivalence to the Hardy inequality in L2 are proved. Finally, in Sect. 4 we ob-
tain the Caﬀarelli–Kohn–Nirenberg type inequalities on stratiﬁed Lie groups.
2. Preliminaries
In this section we very brieﬂy recall the necessary notation concerning the
setting of stratiﬁed groups.
A Lie group G = (Rn, ◦) is called a stratiﬁed group (or a homogeneous
Carnot group) if it satisﬁes the following two conditions:
• For some natural numbers N + N2 + · · · + Nr = n, that is N = N1, the
decomposition Rn = RN × · · · × RNr is valid, and for every λ > 0 the
dilation δλ : Rn → Rn given by
δλ(x) = δλ(x′, x(2), . . . , x(r)) := (λx′, λ2x(2), . . . , λrx(r))
is an automorphism of the group G. Here x′ ≡ x(1) ∈ RN and x(k) ∈ RNk
for k = 2, . . . , r.
• Let N be as in above and let X1, . . . , XN be the left invariant vector
ﬁelds on G such that Xk(0) = ∂∂xk |0 for k = 1, . . . , N . Then
rank(Lie{X1, . . . , XN}) = n,
for every x ∈ Rn, i.e. the iterated commutators of X1, . . . , XN span the
Lie algebra of G.
That is, we say that the triple G = (Rn, ◦, δλ) is a stratiﬁed group. Such groups
have been thoroughly investigated by Folland [10]. A more general approach
without identifying them with Rn is possible but then it can be shown to
reduce to the deﬁnition above, so we may work with it from the beginning.
We refer to e.g. [9] for more detailed discussions from the Lie algebra point of
view.
Here the left invariant vector ﬁelds X1, . . . , XN are called the (Jacobian)
generators of G and r is called a step of G. The number
Q =
r∑
k=1
kNk, N1 = N,
is called the homogeneous dimension of G. We also recall that the standard
Lebesgue measure dx on Rn is the Haar measure for G (see, e.g. [9, Proposition
1.6.6]). For more details on stratiﬁed groups we refer to [2] or [9].
The left invariant vector ﬁelds Xj have an explicit form and satisfy the
divergence theorem, see e.g. [21] for the derivation of the exact formula: more
precisely, we can write
Xk =
∂
∂x′k
+
r∑
=2
N1∑
m=1
a
()
k,m(x
′, . . . , x−1)
∂
∂x
()
m
, (2.1)
see also [9, Section 3.1.5] for a general presentation. Throughout this paper,
we will also use the following notations:
∇H := (X1, . . . , XN )
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for the horizontal gradient,
divHυ := ∇H · υ
for the horizontal divergence, and
|x′| =
√
x
′2
1 + · · · + x′2N
for the Euclidean norm on RN .
The explicit representation of the left invariant vector ﬁelds Xj (2.1)
allows us to verify the identities
|∇H |x′|γ | = γ|x′|γ−1, (2.2)
and
divH
(
x′
|x′|γ
)
=
∑N
j=1 |x′|γXjx′j −
∑N
j=1 x
′
jγ|x′|γ−1Xj |x′|
|x′|2γ =
N − γ
|x′|γ (2.3)
for any γ ∈ R, |x′| = 0.
3. Hardy and Sobolev type inequalities on stratiﬁed Lie groups
In this section we investigate Lp-weighted Sobolev type inequality and show
its equivalence to the Hardy inequality in L2.
Theorem 3.1. Let G be a stratiﬁed group with N being the dimension of the
ﬁrst stratum, and let α ∈ R. Then for any f ∈ C∞0 (G\{x′ = 0}), and all
1 < p < ∞, we have
|N − αp|
p
∥∥∥∥ f|x′|α
∥∥∥∥
Lp(G)
≤
∥∥∥∥x
′ · ∇Hf
|x′|α
∥∥∥∥
Lp(G)
, (3.1)
where |·| is the Euclidean norm on RN . If N = αp, then the constant |N−αp|p
is sharp.
Remark 3.2. In the abelian case G = (Rn,+), we have N = n, ∇H = ∇ =
(∂x1 , . . . , ∂xn), so (3.1) implies the L
p-weighted Sobolev type inequality (see
[18]) for G = Rn with the sharp constant:
|n − αp|
p
∥∥∥∥ f|x|α
∥∥∥∥
Lp(Rn)
≤
∥∥∥∥x · ∇f|x|α
∥∥∥∥
Lp(Rn)
, (3.2)
for all f ∈ C∞0 (Rn\{0}), and |x| =
√
x21 + · · · + x2n.
The proof is a simple argument, giving the result also related to [8, The-
orem 2.12].
Proof of Theorem 3.1. We may assume that αp = N since for αp = N the in-
equality (3.1) is trivial. By using the identity (2.3) and the divergence theorem
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one calculates∫
G
|f(x)|p
|x′|αp =
1
N − αp
∫
G
|f(x)|pdivH
(
x′
|x′|αp
)
dx
= − p
N − αpRe
∫
G
pf(x)|f(x)|p−2 x
′ · ∇Hf
|x′|αp dx
≤
∣∣∣∣ pN − αp
∣∣∣∣
∫
G
|f(x)|p−1
|x′|αp |x
′ · ∇Hf |dx
≤
∣∣∣∣ pN − αp
∣∣∣∣
∫
G
|f(x)|p−1
|x′|α(p−1)
|x′ · ∇Hf |
|x′|α dx
≤
∣∣∣∣ pN − αp
∣∣∣∣
( |f(x)|p
|x′|αp dx
) p−1
p
( |x′ · ∇Hf |p
|x′|αp dx
) 1
p
,
which implies (3.1). Here we have used Ho¨lder’s inequality in the last line. Now
let us prove the sharpness of the constant. We note that the function
h1(x) =
1
|x′| |N−αp|p
, N = αp,
satisﬁes the following equality condition in Ho¨lder’s inequality∣∣∣∣ pN − αp
∣∣∣∣
p |x′ · ∇Hh1(x)|p
|x′|αp =
|h1(x)|p
|x′|αp .
Thus we have showed that the constant |N−αp|p is sharp if we approximate this
function by smooth compactly supported functions. 
Using Schwarz’s inequality in the right hand side of (3.1) we see that
(3.1) is a reﬁnement of the Lp-weighted Hardy inequality on stratiﬁed groups
from [20]:
Corollary 3.3. Let G be a stratiﬁed group with N being the dimension of the
ﬁrst stratum, and let α ∈ R. Then for any f ∈ C∞0 (G\{x′ = 0}), and all
1 < p < ∞, we have
|N − αp|
p
∥∥∥∥ f|x′|α
∥∥∥∥
Lp(G)
≤
∥∥∥∥ ∇Hf|x′|α−1
∥∥∥∥
Lp(G)
, (3.3)
where |·| is the Euclidean norm on RN . If N = αp then the constant |N−αp|p
is sharp.
Thus, (3.1) can be regarded as a reﬁnement of (3.3). The above also gives
a simple proof of a part of [8, Theorem 2.12].
Now let us show the equivalence of the Sobolev type inequality and Hardy
inequality on stratiﬁed groups in L2 case:
Theorem 3.4. Let G be a stratiﬁed group with N being the dimension of the
ﬁrst stratum with N ≥ 3. Then the following two statements are equivalent:
(a) For any f ∈ C∞0 (G\{x′ = 0}), we have
‖f‖L2(G) ≤ 2
N
‖x′ · ∇Hf‖L2(G). (3.4)
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(b) For any g ∈ C∞0 (G\{x′ = 0}), we have∥∥∥∥ g|x′|
∥∥∥∥
L2(G)
≤ 2
N − 2
∥∥∥∥ x
′
|x′| · ∇Hg
∥∥∥∥
L2(G)
. (3.5)
Proof. Let us ﬁrst show that the statement (a) gives (b). We put g = |x′|f .
Then one has
‖x′ · ∇Hf‖2L2(G) =
∥∥∥∥− g|x′| +
x′
|x′| · ∇Hg
∥∥∥∥
2
L2(G)
=
∥∥∥∥ g|x′|
∥∥∥∥
2
L2(G)
− 2Re
∫
G
g(x)
|x′|
x′
|x′| · ∇Hg(x)dx
+
∥∥∥∥ x
′
|x′| · ∇Hg
∥∥∥∥
2
L2(G)
. (3.6)
By (2.3), one calculates
−2Re
∫
G
g(x)
|x′|
x′
|x′| · ∇Hg(x)dx = −
∫
G
x′
|x′|2 ∇H |g(x)|
2dx
=
∫
G
divH
(
x′
|x′|2
)
|g(x)|2dx = (N − 2)
∫
G
|g(x)|2
|x′|2 dx.
We see from the statement (a) and (3.6) that
∥∥∥∥ g|x′|
∥∥∥∥
2
L2(G)
≤ 4
N2
(
(N − 1)
∥∥∥∥ g|x′|
∥∥∥∥
2
L2(G)
+
∥∥∥∥ x
′
|x′| · ∇Hg
∥∥∥∥
2
L2(G)
)
,
which implies (3.5).
Conversely, assume that (b) holds. Put f = g/|x′|. Then we obtain
∥∥∥∥ x
′
|x′| · ∇H(|x
′|f)
∥∥∥∥
2
L2(G)
= ‖f + x′ · ∇Hf‖2L2(G)
= ‖f‖2L2(G) + 2Re
∫
G
x′f(x)∇Hfdx + ‖x′ · ∇Hf‖2L2(G).
Using (2.3), we have
2Re
∫
G
x′f(x)∇Hfdx = −N‖f‖2L2(G).
It follows from the statement (b) that
‖f‖2L2(G) ≤
4
(N − 2)2 (‖x
′ · ∇Hf‖2L2(G) − (N − 1)‖f‖2L2(G)),
which implies (3.4). 
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4. Caﬀarelli–Kohn–Nirenberg inequalities
In this section, we introduce new Caﬀarelli–Kohn–Nirenberg type inequalities
in the setting of stratiﬁed groups. The proof is quite simple relying on weighted
Hardy inequalities and the Ho¨lder inequality. However, we note that already
in the Euclidean setting of Rn it also gives an extension of Theorem 1.1 from
the point of view of indices.
Theorem 4.1. Let G be a stratiﬁed group with N being the dimension of the
ﬁrst stratum with N = p(1 − a). Let 1 < p, q < ∞, 0 < r < ∞ with p + q ≥ r
and δ ∈ [0, 1] ∩ [ r−qr , pr ] and a, b, c ∈ R. Assume that
δr
p
+
(1 − δ)r
q
= 1 and c = δ(a − 1) + b(1 − δ).
Then we have the following Caﬀarelli–Kohn–Nirenberg type inequality for all
f ∈ C∞0 (G\{0}):
‖|x′|cf‖Lr(G) ≤
∣∣∣∣ pN + p(a − 1)
∣∣∣∣
δ
‖|x′|a∇Hf‖δLp(G)
∥∥|x′|bf∥∥1−δ
Lq(G)
. (4.1)
The constant in the inequality (4.1) is sharp for p = q with a − b = 1 or p = q
with p(1 − a) + bq = 0, or for δ = 0, 1.
Remark 4.2. In the abelian case G = (Rn,+), we have N = n, ∇H = ∇ =
(∂x1 , . . . , ∂xn), so (4.1) implies the Caﬀarelli–Kohn–Nirenberg type inequality
for G = Rn: Let 1 < p, q < ∞, 0 < r < ∞ with p+q ≥ r and δ ∈ [0, 1]∩[ r−qr , pr ]
and a, b, c ∈ R. Assume that δrp + (1−δ)rq = 1 and c = δ(a−1)+ b(1− δ). Then
we have
‖|x|cf‖Lr(Rn) ≤
∣∣∣∣ pn + p(a − 1)
∣∣∣∣
δ
‖|x|a∇f‖δLp(Rn)
∥∥|x|bf∥∥1−δ
Lq(Rn)
, (4.2)
for all f ∈ C∞0 (Rn\{0}), |x| =
√
x21 + · · · + x2n and n = p(1−a). The constant
in the inequality (4.2) is sharp for p = q with a − b = 1 or p = q with
p(1 − a) + bq = 0, or for δ = 0, 1.
We now indicate that the inequalities (4.2) give an extension of Theorem
1.1 with respect to the range of indices.
Example 4.3. Let us take 1 < p = q = r < ∞, a = −n−2pp , b = −np and
c = −n−δpp . Then by (4.2), for all f ∈ C∞0 (Rn\{0}) we have the inequality∥∥∥∥∥
f
|x|n−δpp
∥∥∥∥∥
Lp(Rn)
≤
∥∥∥∥∥
∇f
|x|n−2pp
∥∥∥∥∥
δ
Lp(Rn)
∥∥∥∥ f|x|np
∥∥∥∥
1−δ
Lp(Rn)
, 1 < p < ∞, 0 ≤ δ ≤ 1,
(4.3)
where ∇ is the standard gradient in Rn. Since we have
1
q
+
b
n
=
1
p
+
1
n
(
−n
p
)
= 0,
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we see that (1.1) fails, so that the inequality (4.3) is not covered by Theorem
1.1. Moreover, in this case, p = q with a−b = 1 hold true, so that the constant∣∣∣ pn+p(a−1)
∣∣∣δ = 1 in the inequality (4.3) is sharp.
Proof of Theorem 4.1. Case δ = 0. In this case, we have q = r and b = c by
δr
p +
(1−δ)r
q = 1 and c = δ(a − 1) + b(1 − δ), respectively. Then, the inequality
(4.1) is reduces to the trivial estimate
‖|x′|bf‖Lq(G) ≤
∥∥|x′|bf∥∥
Lq(G)
.
Case δ = 1. Notice that in this case, p = r and a − 1 = c. By (3.3), we have
for N + cp = 0 the inequality
‖|x′|cf‖Lr(G) ≤
∣∣∣∣ pN + cp
∣∣∣∣ ‖|x′|c+1∇Hf‖Lr(G).
In this case, the constant in (4.1) is sharp, since the constants in (3.3) is sharp.
Case δ ∈ (0, 1) ∩ [ r−qr , pr ]. Taking into account c = δ(a − 1) + b(1 − δ), a
direct calculation gives
‖|x′|cf‖Lr(G) =
(∫
G
|x′|cr|f(x)|rdx
) 1
r
=
(∫
G
|f(x)|δr
|x′|δr(1−a)
|f(x)|(1−δ)r
|x′|−br(1−δ) dx
) 1
r
.
Since we have δ ∈ (0, 1) ∩ [ r−qr , pr ] and p + q ≥ r, then by using Ho¨lder’s
inequality for δrp +
(1−δ)r
q = 1, we obtain
‖|x′|cf‖Lr(G) ≤
(∫
G
|f(x)|p
|x′|p(1−a) dx
) δ
p
(∫
G
|f(x)|q
|x′|−bq dx
) 1−δ
q
=
∥∥∥∥ f|x′|1−a
∥∥∥∥
δ
Lp(G)
∥∥∥∥ f|x′|−b
∥∥∥∥
1−δ
Lq(G)
. (4.4)
Here we note that when p = q and a − b = 1, Ho¨lder’s equality condition is
satisﬁed for any function. We also note that in the case p = q the function
h2(x) = |x′|
1
(p−q) (p(1−a)+bq) (4.5)
satisﬁes Ho¨lder’s equality condition:
|h2|p
|x′|p(1−a) =
|h2|q
|x′|−bq .
If N = p(1 − a), then by (3.3), we have
∥∥∥∥ f|x′|1−a
∥∥∥∥
δ
Lp(G)
≤
∣∣∣∣ pN + p(a − 1)
∣∣∣∣
δ ∥∥∥∥ ∇Hf|x′|−a
∥∥∥∥
δ
Lp(G)
. (4.6)
Putting this in (4.4), one has
‖|x′|cf‖Lr(G) ≤
∣∣∣∣ pN + p(a − 1)
∣∣∣∣
δ ∥∥∥∥ ∇Hf|x′|−a
∥∥∥∥
δ
Lp(G)
∥∥∥∥ f|x′|−b
∥∥∥∥
1−δ
Lq(G)
.
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When we prove (4.6), in exactly the same way as in the proof of Theorem 3.1,
we note that
h3(x) = |x′|C , C = 0, (4.7)
satisﬁes the Ho¨lder equality condition. Therefore, in the case p = q, a − b =
1 Ho¨lder’s equality condition of the inequalities (4.4) and (4.6) holds true
for h3(x) in (4.7). Moreover, in the case p = q, p(1 − a) + bq = 0 Ho¨lder’s
equality condition of the inequalities (4.4) and (4.6) holds true for h2(x) in
(4.5). Therefore, the constant in (4.1) is sharp when p = q, a− b = 1 or p = q,
p(1 − a) + bq = 0. 
Open Access. This article is distributed under the terms of the Creative Com-
mons Attribution 4.0 International License (http://creativecommons.org/licenses/
by/4.0/), which permits unrestricted use, distribution, and reproduction in any
medium, provided you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons license, and indicate if changes
were made.
References
[1] Badiale, N., Tarantello, G.: A Sobolev–Hardy inequality with applications to a
nonlinear elliptic equation arising in astrophysics. Arch. Ration. Mech. Anal.
163, 259–293 (2002)
[2] Bonﬁglioli, A., Lanconelli, E., Uguzzoni, F.: Stratiﬁed Lie Groups and Potential
Theory for Their Sub-Laplacians. Springer, Berlin (2007)
[3] Caﬀarelli, L.A., Kohn, R., Nirenberg, L.: First order interpolation inequalities
with weights. Compos. Math. 53(3), 259–275 (1984)
[4] Capogna, L., Danielli, D., Pauls, S., Tyson, J.: An Introduction to the Heisenberg
Group and the Sub-Riemannian Isoperimetric Problem, Volume 259 of Progress
in Mathematics. Birkha¨user, Basel (2007)
[5] Catrina, F., Wang, Z.Q.: On the Caﬀarelli–Kohn–Nirenberg inequalities: sharp
constants, existence (and non existence), and symmetry of extremals functions.
Commun. Pure Appl. Math. 54, 229–258 (2001)
[6] Ciatti, P., Cowling, M., Ricci, F.: Hardy and uncertainty inequalities on stratiﬁed
Lie groups. Adv. Math. 277, 365–387 (2015)
[7] Ciatti, P., Ricci, F., Sundari, M.: Heisenberg–Pauli–Weyl uncertainty inequali-
ties and polynomial volume growth. Adv. Math. 215, 616–625 (2007)
[8] D’Ambrosio, L.: Hardy-type inequalities related to degenerate elliptic diﬀerential
operators. Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 4(3), 451–486 (2005)
[9] Fischer, V., Ruzhansky, M.: Quantization on Nilpotent Lie Groups, Volume 314
of Progress in Mathematics. Birkha¨user, Basel (2016). (open access book)
NoDEA Caﬀarelli–Kohn–Nirenberg and Sobolev type inequalities Page 11 of 12 56
[10] Folland, G.B.: Subelliptic estimates and function spaces on nilpotent Lie groups.
Ark. Mat. 13(2), 161–207 (1975)
[11] Folland, G.B., Stein, E.M.: Hardy Spaces on Homogeneous Groups, Volume 28
of Mathematical Notes. Princeton University Press/University of Tokyo Press,
Princeton/Tokyo (1982)
[12] Garofalo, N., Lanconelli, E.: Frequency functions on the Heisenberg group, the
uncertainty principle and unique continuation. Ann. Inst. Fourier (Grenoble)
40(2), 313–356 (1990)
[13] Garofalo, N., Ruzhansky, M., Suragan, D.: On Green functions for Dirichlet
sub-Laplacians on H-type groups. J. Math. Anal. Appl. 452(2), 896–905 (2017)
[14] Han, Y.: Weighted Caﬀarelli–Kohn–Nirenberg type inequality on the Heisenberg
group. Indian J. Pure Appl. Math. 46(2), 147–161 (2015)
[15] Hardy, G.H.: Notes on some points in the integral calculus. Messenger Math. 48,
107–112 (1919)
[16] Kogoj, A.E., Sonner, S.: Hardy type inequalities for Δλ-Laplacians. Complex
Var. Elliptic Equ. 61(3), 422–442 (2016)
[17] Na´poli, P., Drelichman, I., Dura´n, R.: Improved Caﬀarelli–Kohn–Nirenberg and
trace inequalities for radial functions. Commun. Pure Appl. Anal. 11, 16291642
(2012)
[18] Ozawa, T., Sasaki, H.: Inequalities associated with dilations. Commun. Con-
temp. Math. 11(2), 265–277 (2009)
[19] Ozawa, T., Ruzhansky, M., Suragan, D.: Lp-Caﬀarelli–Kohn–Nirenberg type
inequalities on homogeneous groups. arXiv:1605.02520 (2016)
[20] Ruzhansky, M., Suragan, D.: On horizontal Hardy, Rellich, Caﬀarelli–Kohn–
Nirenberg and p-sub-Laplacian inequalities on stratiﬁed groups. J. Diﬀer. Equ.
262, 1799–1821 (2017)
[21] Ruzhansky, M., Suragan, D.: Layer potentials, Kac’s problem, and reﬁned Hardy
inequality on homogeneous Carnot groups. Adv. Math. 308, 483–528 (2017)
[22] Ruzhansky, M., Suragan, D.: Hardy and Rellich inequalities, identities, and sharp
remainders on homogeneous groups. Adv. Math. 317, 799–822 (2017)
[23] Ruzhansky, M., Suragan, D., Yessirkegenov, N.: Extended Caﬀarelli–Kohn–
Nirenberg inequalities, and remainders, stability, and superweights for Lp-
weighted Hardy inequalities. arXiv:1701.01280v2 (2017)
[24] Ruzhansky, M., Suragan, D., Yessirkegenov, N.: Extended Caﬀarelli–Kohn–
Nirenberg inequalities and superweights for Lp-weighted Hardy inequalities. C.
R. Math. Acad. Sci. Paris 355(6), 694–698 (2017)
[25] Zhang, S., Han, Y., Dou, J.: Weighted Hardy–Sobolev type inequality for gener-
alized Baouendi–Grushin vector ﬁelds and its application. Adv. Math. (China)
44(3), 411–420 (2015)
56 Page 12 of 12 M. Ruzhansky, D. Suragan, and N. Yessirkegenov NoDEA
Michael Ruzhansky and Nurgissa Yessirkegenov
Department of Mathematics
Imperial College London
180 Queen’s Gate
London SW7 2AZ
UK
e-mail: m.ruzhansky@imperial.ac.uk
Nurgissa Yessirkegenov
e-mail: n.yessirkegenov15@imperial.ac.uk
Durvudkhan Suragan and Nurgissa Yessirkegenov
Institute of Mathematics and Mathematical Modelling
125 Pushkin str.
Almaty
Kazakhstan 050010
e-mail: suragan@math.kz
Durvudkhan Suragan
RUDN University
6 Miklukho-Maklay str.
Moscow
Russia 117198
Received: 25 May 2017.
Accepted: 7 August 2017.
